Abstract: In this paper, we construct complex almost contact metric structures on complex hypersurfaces in hyperkähler manifolds. This construction is analogous to that in contact geometry.
Introduction
The theory of complex contact geometry started with the papers of Kobayashi [5] , as a variant of real contact geometry. More recent examples, including complex projective space and the complex Heisenberg group, are given in [1] . Ishihara and Konishi [4] defined the so-called I-K normality of complex contact manifolds as for Sasakian manifolds in real contact geometry. In this paper, we construct complex almost contact manifolds from hyperkähler manifolds. Leaving the detailed notion of hyperkähler manifolds to Definition 3.1, we state the first main result as follows:
Theorem A (Theorem 3.3.) Let ( M , J 1 , J 2 , J 3 ,g) be a hyperkähler manifold and M be a complex hypersurface of M . The inclusion ι : M −→ M canonically induces a complex almost contact metric structure on M .
This main result is an analogous to Morimoto [7] . He shows that real hypersurfaces in Kähler manifolds equip an almost contact metric structure induced from the ambient Kähler structure. In addition, we show that covariant derivatives of tensors belonging to complex almost contact metric structures have the following forms.
contact metric structure on a complex hypersurface M . Then the derivatives of G and H have the following forms:
This paper is organized as follows. In section 2, we recall definitions of complex contact manifolds and hyperkähler manifolds. In section 3, we prove the main theorem which constructs complex almost contact metric structures on complex hypersurfaces in hyperkähler manifolds. In section 4, we give some results of tensor calculations of these complex almost contact metric structures.
Definitions
We first recall the notion of complex contact metric manifolds [1] . Definition 2.1. Let M be a complex manifold with dim C M = 2n + 1 and J the complex structure on M . M is called a complex contact manifold if there exists an open covering U = {O λ } of M such that:
For each O λ , we define a distribution H λ = {X ∈ T O λ | ω λ (X) = 0}. Note that the h λµ are nonvanishing, and H λ = H µ on O λ ∩ O µ . Thus H = ∪H λ is a holomorphic, nonintegrable subbundle on M , called the horizontal subbundle. 
Definition 2.3. Let (M, {ω λ }) be a complex contact manifold with complex contact structure J and Hermitian metric g. We call (M, J, G, u, U, g) a complex contact metric manifold if there exists an open covering U = {O λ } of M such that (here and below G = G λ , etc) :
) is an almost contact metric structure on M ;
with ∇ the Levi-Civita connection with respect to g.
Remark 2.4. Foreman [?]
showed the existence of complex contact metric structures on complex contact manifolds.
Remark 2.5. We can locally choose orthonormal vectors
We recall the definition of I-K normality introduced by Ishihara and Konishi [3] for (almost) complex contact metric structures. We set the two tensor fields S and T by,
Definition 2.6. A complex contact manifold M is I-K normal if the tensors S and T both vanish.
Remark 2.7. I-K normality implies that the underlying Hermitian manifold (M, J, g) is a Kähler manifold (cf. [4] ).
Constructions
In this chapter, we construct a complex almost contact metric structure on complex hypersurfaces in hyperkähler manifolds. At first, we recall the definition of hyperkähler manifolds.
Let ( M , J 1 , J 2 , J 3 ,g) be a hyperkähler manifold and M be a complex hypersurface in M . For each X ∈ T M, we decompose X as follows:
On the other hand, by the definition of J 2 ,
Comparing the tangent and normal components in (9) and (10), we get
Now we define 1-forms u and v, and unit dual vector fields U and V with respect to g by
By this definitions, (11) and (12) show respectively
Also, applying X = U and X = V to (13), we have GU = 0 and GV = 0 respectively. Since J 2 is skew-symmetric with respect tog, i.e.g(J 2 X, Y ) = −g(X, J 2 Y ), we haveg(GX, Y ) = −g(X, GY ). Similarly, applying J 3 to (6), we have
where HX is the component of J 3 X tangent to T M , and some relations similar to (12), (13) and (14),
Now applying J 2 to (15), we have
On the other hand,
By comparing the tangent parts in (17) and (18), we get
Finally, applying G from left side to (14) and (21), we have respectively
From (13), (14), (15), (16), (17), (19) and (20), the structure (G, H, J, u, v, U, V, g) satisfies the definition of complex almost contact metric structure. Then we conclude our theorem. 
connections
This section is based on a paper by B. Smyth [8] . Let ∇ be the Levi-Civita connection with respect tog. For X, Y ∈ T M , we define a tensor field of type (1, 1) A and a 1-form s by
where ∇ X Y denotes the component of ∇ X Y tangent to M . It is known that ∇ is the Levi-Civita connection with respect to g. Now we give expressions for the covariant derivatives of G and H on a complex almost contact metric structure on M . Theorem 4.1 Let (G, H, J, u, v, U, V, g) be a complex almost contact metric structure on a complex hypersurface M . Then the derivatives of G and H have the following forms:
On the other hand, since J 2 is parallel to ∇, we have
Comparing (21) and (22), we get
Since J is parallel to ∇, we have
Then applying J to (23), we get
Proposition 4.2 Let (G, H, J, u, v, U, V, g) be a complex almost contact metric structure on a complex hypersurface M . Then
P roof. By Proposition 4.1, we have Comparing (27) and (28), we get the conclusion. Proposition 4.3 For any X ∈ T M , ∇ X G and ∇ X H are skew-symmetric operators with respect to g.
